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(E2) For any family of bounded operators fV
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Condition (E1) ensures that disentangled states have a zero value of entanglement. Con-
dition (E2) ensures that the amount of entanglement does not increase totally or in average
by so-called purication procedures. Note that (E2-a) implies the following condition:
















for i = 1; 2.
Condition (E3) ensures that a local change of basis has no eect on the amount of
entanglement.
Vedral et. al. [3] proposed the following general construction of the measure of entangle-
ment E. Let D : T  T ! R be a function satisfying the following conditions:
(D1) D(; )  0 and D(; ) = 0 for any ;  2 T .
(D2) D(;)  D(; ) for any ;  2 T and for any completely positive trace pre-
serving map  on the space of operators on H.
Condition (D1) ensures thatD has some properties of \distance". Condition (D2) ensures
that the \distance" does not increase by any nonselective operations. Then, it is shown that




satises conditions (E1) and (E2-a). It is shown that the quantum relative entropy and
the Bures metric satisfy (D1) and (D2) [3], and it is conjectured that the Hilbert-Schmidt
distance is a reasonable candidate of a \distance" to generate an entanglement measure [4].
Here, the Hilbert-Schmidt distance is dened by
D
HS
(; ) = k   k
2
HS
= Tr[(   )
2
]
for all ;  2 T , which satises (D1) since k   k
HS
is a true metric.
Recently, Witte and Trucks [5] claimed that the Hilbert-Schmidt distance also satises










satises (E1) and (E2-a).
It should be pointed out rst that their suggested proof of condition (D2) for D
HS
is not
justied. Let f be a convex function on (0;1) and let f(0) = 0. Let  be a trace preserving
positive map on the space of operators such that kk  1. Then, Lindblad's theorem [6]
asserts that for every positive operator A we have
Tr[f(A)]  Tr[f(A)]; (2)
where f(A) is dened as usual through the spectral resolution of A. It is suggested that













(H) for all positive mappings .
However, it is not clear at all how D
HS
and  satisfy the assumptions of Lindblad's theorem.
Now, we shall show a counterexample to the claim that D
HS
satises condition (D2).
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where  is arbitrary, denes a completely positive trace preserving map. Let  and  be
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(; ) = Tr[(   )
2
] = 1:
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is not generally true for completely positive trace preserving maps . Therefore, it is still
quite open whether E
HS
is a good candidate for an entanglement measure or not.
In order to obtain a tight bound for D
HS
(;), we take advantage of Kadison's in-






for all Hermitian A. Applying the above inequality to the positive trace preserving map
 =  and A =    , we have
(  )
2
 kk[(   )
2
]:
By taking the trace of the both sides we obtain the following conclusion: For any trace






The previous example shows that the bound can be attained with kk = 2.
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